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We consider generic linear perturbations of a nonbidiagonal class of static black-hole solutions
in massive (bi)gravity. We show that the quasinormal spectrum of these solutions coincides with
that of a Schwarzschild black hole in general relativity, thus proving that these solutions are mode
stable. This is in contrast to the case of bidiagonal black-hole solutions which are affected by a
radial instability. On the other hand, the full set of perturbation equations is generically richer than
that of a Schwarzschild black hole in general relativity, and this affects the linear response of the
black hole to external perturbations. Finally, we argue that the generalization of these solutions to
the spinning case does not suffer from the superradiant instability, despite the fact that the theory
describes a massive graviton.
PACS numbers: 04.25.-g 04.70.-s 04.80.Cc
I. INTRODUCTION
In addition to passing experimental tests and possi-
bly solving some long-standing issues of general relativity
(GR), alternative theories of gravity (cf. Refs. [1–4] for
some reviews) need also to pass theoretical tests. The
latter include internal theoretical consistency, absence of
pathologies, and existence of stable gravitational solu-
tions describing physical systems. In this context, black-
hole solutions are the ideal test bed to probe the strong-
curvature regime of any relativistic (classical) theory of
gravity [4]. Thus, viable candidates of modified-gravity
theories should possess black-hole solutions and the lat-
ter should (presumably) be dynamically stable, at least
over the typical observation time scale of astrophysical
compact objects. In this paper, we focus on massive
gravity [5, 6] (a theory that has reacquired considerable
attention in the last years, cf. Refs. [7, 8] for two recent
reviews) and, in particular, on the stability of black-hole
solutions in this theory.
The ghost-free, nonlinear completions of massive grav-
ity describe the interaction of two spin-2 fields, either
both dynamical [6] or of which only one is dynamical [5].
Due to the absence of uniqueness theorems and to the
presence of two independent metrics, various black-hole
solutions exist in massive gravity. The solutions known
to date can be classified into two classes (see Ref. [9] for
a recent review). In the first class the two metrics are
proportional to each other, whereas this is not the case
in the second class. In the static case, the solutions of the
first class can always be written in a (bi-)diagonal form,
while for the second class it is not possible to simultane-
ously diagonalize both metrics. In the following we will
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refer to these solutions as bidiagonal and nonbidiagonal,
respectively.
In Refs. [10, 11] it was shown that the bidiagonal
Schwarzschild solution is generically unstable against ra-
dial perturbations. This instability is equivalent [10]
to the Gregory-Laflamme instability [12] of a five-
dimensional black string. Furthermore, Ref. [11] consid-
ered generic perturbations of both the Schwarzschild and
the slowly-rotating Kerr solution when both metrics are
proportional to each other, showing that, besides the ra-
dial instability, the Kerr solution is also unstable against
a superradiant instability (see Ref. [13] for a review on
superradiance). Radial perturbations of nonbidiagonal
solutions were considered in Ref. [14] showing that, un-
like the bidiagonal case, these solutions are classically
stable against radial perturbations. One open problem
concerns the modal stability of nonbidiagonal solutions
to nonradial perturbations. In this paper we close this
gap by considering generic gravitational perturbations of
these solutions. Our main result is the proof that the
quasinormal-mode (QNM) spectrum of these solutions is
the same as that of a Schwarzschild black hole in GR
and, therefore, these solutions are classically mode sta-
ble1 precisely as the Schwarzschild metric. Along the way
we discuss various peculiar properties of the gravitational
perturbations of these solutions.
1 By “modes” we mean the quasinormal spectrum of perturba-
tions, unlike the more generic perturbations which are also con-
sidered in this paper. Similarly, by modal stability we mean that
the quasinormal spectrum of perturbations does not contain un-
stable modes. Strictly speaking, the modal stability does not
necessarily imply the full stability of a solution.
2II. SETUP
The Lagrangian of nonlinear massive (bi-)gravity can
be written as follows [15, 16]
L =
√
|g|
[
m2gRg +m
2
f
√
f/gRf − 2m4v V (g, f)
]
. (1)
Here Rg and Rf are the Ricci scalars corresponding to
the two metrics gµν and fµν , respectively; m
−2
g = 16πG,
m−2f = 16πG are the corresponding gravitational cou-
plings. The quantities f, g denote the determinants of
the corresponding metric. The potential can be written
as
V :=
4∑
n=0
βnVn (γ) , γ
µ
ν :=
(√
g−1f
)µ
ν , (2)
where βn are real parameters,
V0 = 1 , V1 = [γ] , V2 =
1
2
(
[γ]2 − [γ2]) ,
V3 =
1
6
(
[γ]3 − 3[γ][γ2] + 2[γ3]) , V4 = det(γ) , (3)
and the square brackets denote the matrix trace.
The Lagrangian (1) gives rise to two sets of modified
Einstein equations for gµν and fµν ,
Gµν +
m4v
m2g
Tµν(γ) = 0 , (4)
Gµν + m
4
v
m2f
Tµν(γ) = 0 , (5)
where Gµν and Gµν are the corresponding Einstein ten-
sors for the two metrics gµν and fµν , and
Tµν =
3∑
n=0
(−1)nβngµλY λν (γ) , (6)
Tµν =
3∑
n=0
(−1)nβ4−nfµλY λν (γ−1) , (7)
with Y (γ) =
∑n
r=0(−1)rγn−rVr(γ) [16]. The Bianchi
identity implies the conservation conditions
∇µgTµν(γ) = 0 , ∇µfTµν(γ) = 0 , (8)
where ∇g and ∇f are the covariant derivatives with re-
spect to gµν and fµν , respectively.
A. Nonbidiagonal spherically symmetric solutions
Two classes of static black-hole solutions in this the-
ory can be conveniently written in the bi-advanced
Eddington-Finkelstein form [14]
ds2g = −
(
1− rg
r
)
dv2 + 2dvdr + r2dΩ2, (9)
ds2f = C
2
[
−
(
1− rf
r
)
dv2 + 2dvdr + r2dΩ2
]
, (10)
where C is a constant conformal factor and rg and rf
are the two (generically different) horizon radii of the
two metrics. The only nondiagonal terms of T µν and T µν
read
T rv = −C4T rv =
C
(
β1 + 2Cβ2 + C
2β3
)
(rg − rf )
2r
.
(11)
Clearly, these off-diagonal terms must vanish for the met-
rics (9) and (10) to be solutions of the vacuum field equa-
tions. This implies either rg = rf , which is equivalent
to the (bidiagonal) bi-Schwarzschild solution analyzed
in [10, 11], or
β1 + 2Cβ2 + C
2β3 = 0. (12)
The above condition fixes the value of the conformal fac-
tor C for a given choice of the coupling constants βi. In
the rest of the paper we will focus on this case2, which
describes two metrics that cannot be simultaneously di-
agonalized. The case of a flat (Minkowski) fiducial metric
fµν coupled to a Schwarzschild metric gµν falls within this
class of solutions. The solution (9) is not the most general
analytic nonbidiagonal solution. As it has been shown
in Ref. [17] there is a family of nonbidiagonal solutions
which contains a function satisfying a nonlinear partial
differential equation (see also Ref. [18]). Each regular so-
lution of the partial differential equation gives a different
solution for the metrics. We consider asymptotically-flat
solutions, which implies a fine tuning of the coupling con-
stants such that the two effective cosmological constants
vanish. This imposes
β0 = −
(
3Cβ1 + 3C
2β2 + C
3β3
)
, (13)
β4 = −β1 + 3Cβ2 + 3C
2β3
C3
, (14)
to balance the corresponding contributions coming from
Tµν and Tµν .
III. GRAVITATIONAL PERTURBATIONS OF
THE NONBIDIAGONAL SOLUTION
Let us now consider linear perturbations around the
solutions (9) and (10) with the condition (12), i.e. we
focus on nonbidiagonal solutions. We consider perturba-
tions of the form:
gµν = g
(0)
µν + h
(g)
µν , fµν = f
(0)
µν + h
(f)
µν , (15)
where the superscript (0) denotes background quantities
and hµν are small perturbations of the background so-
lutions. The tensors h
(g)
µν and h
(f)
µν satisfy the linearized
2 For a full perturbation analysis of the bidiagonal case see
Refs. [10, 11].
3equations
δGµν +
m4v
m2g
δTµν = 0 , δGµν + m
4
v
m2f
δTµν = 0 , (16)
where Gµν(g) = G
(0)
µν + δGµν , Gµν(f) = G(0)µν + δGµν and
similarly for δTµν and δTµν .
In a spherically symmetric background, the spin-2 per-
turbations h
(g)
µν and h
(f)
µν can be decomposed in terms of
axial and polar perturbations. In Fourier space, this de-
composition schematically reads:
hµν(v, r, θ, φ) =
1√
2π
∑
l,m
∫ +∞
−∞
dωe−iωvh˜lmµν (ω, r, θ, φ) ,
(17)
for both h
(g)
µν and h
(f)
µν , where h˜lmµν := h
axial,lm
µν + h
polar,lm
µν ,
haxial,lmµν and h
polar,lm
µν are explicitly given in Appendix A.
Without loss of generality, we will also multiply the defi-
nition of h
(f)
µν by an overall C2 factor. Spherical symme-
try assures that the field equations do not depend on the
azimuthal number m. In addition, perturbations with
different parity and different harmonic index l decouple
from each other3.
In the nonbidiagonal case (12), by using this decom-
position, it turns out that the mass terms in the pertur-
bation equations (16) take the remarkably simple form
δT µν =
A (rg − rf )
4r
e−iωv

0 0 0 0
2K lm(−)Ylm 0 −
(
hlm1(−)
∂φYlm
sin θ + η
lm
1(−)∂θYlm
)
hlm1(−) sin θ∂θYlm − ηlm1(−)∂φYlm
−
(
hlm1(−)
∂φYlm
sin θ + η
lm
1(−)∂θYlm
)
0 H lm2(−)Ylm 0
1
r2 sin θ
(
hlm1(−)∂θYlm − ηlm1(−) ∂φYlmsin θ
)
0 0 H lm2(−)Ylm

 , (18)
and C4δT µν = −δT µν , where h(−)µν := h(f)µν − h(g)µν and
A = 2C2 (β2 + Cβ3).
By taking the divergence of Eq. (16) and using the
Bianchi identities for the Einstein tensors, we obtain
the constraint ∇ν(f)δTµν ∝ ∇ν(g)δTµν = 0, which, from
Eq. (18) in the nonbidiagonal case (rg 6= rf ), yields the
following relations:
H lm2(−) = 0 , (19)(
rηlm1(−)
)′
= 0 , (20)
(
rK lm(−)
)′
+
l(l + 1)ηlm1(−)
2r
= 0 , (21)(
rhlm1(−)
)′
= 0 . (22)
The above equations can be immediately solved for
H lm2(−) = 0 , η
lm
1(−) =
c0
r
, (23)
hlm1(−) =
c1
r
, K lm(−) =
c2
r
+
l(l+ 1)c0
2r2
, (24)
3 To simplify the notation, we shall often omit the superscript lm
in the perturbation functions.
where c0, c1, and c2 are (generically complex) integration
constants4. The peculiar structure of δT µν is responsible
for some highly nontrivial properties which are discussed
in the section below.
IV. EQUIVALENCE OF THE QNMS TO THOSE
OF A SCHWARZSCHILD BLACK HOLE IN GR
In this section we show that the QNMs of the non-
bidiagonal black-hole solution of massive gravity are the
same as those of a Schwarzschild black hole in GR.
The QNMs are the proper frequencies of vibration of
a relativistic self-gravitating object, in analogy with the
normal modes of oscillating stars in Newtonian gravity
(cf. Refs. [19–21] for some reviews). Due to the emission
of gravitational waves or to absorption by an event hori-
zon, the QNMs are complex numbers whose real part
defines the frequency of the perturbation, whereas the
imaginary part defines the inverse of the damping time
(or of the instability time scale in the case of unstable
modes). It should be stressed that the QNMs do not
4 We should note that, since we are working in the frequency-
domain, ci are arbitrary functions of ω while in the time-domain
they are arbitrary (real) functions of the advanced time v.
4form a complete set [19] so they do not describe the full
response of the black hole to external perturbations. In
fact, we show below that QNMs of nonbidiagonal black
holes in bigravity are exactly the same as in GR, while
generic perturbations of bigravity black holes are differ-
ent from those of GR black holes.
The QNMs can be computed as the eigenvalues of
a boundary-value problem defined by Eq. (16) with
suitable boundary conditions. For the case of static,
asymptotically-flat black holes, regularity imposes that
the perturbations behave as ingoing waves near the hori-
zon, ∼ e−i(ωt+k−r∗) and as outgoing waves near infinity,
∼ ei(k+r∗−ωt). Here, r∗ is the tortoise coordinate defined
through v = t + r∗, where t is a Schwarzschild-like time
coordinate5. The constant k± (which we assume to be
positive without loss of generality) is the momentum of
the perturbations and it is related to the effective disper-
sion relation. For example, for an outgoing perturbation
with effective mass µ propagating in Minkowski space-
time6, k+ =
√
ω2 − µ2.
Therefore, the QNMs of the bimetric system are de-
fined by the following boundary conditions for the met-
rics h
(g)
µν and h
(f)
µν ,
h˜(g)µν → A±µνe±ik±rg∗ , h˜(f)µν → B±µνe±ik±rf∗ , (25)
where A±µν and B
±
µν are typically polynomials in 1/r,
the plus (minus) sign refers to the near-infinity (near-
horizon) behavior, whereas the tortoise coordinates are
defined via dr/drg∗ = (1− rg/r) and dr/drf∗ =
(1− rf/r).
Inspection of Eqs. (23) and (24) together with the
decomposition (17) immediately shows that the bound-
ary conditions (25) cannot be satisfied unless ci = 0 in
Eqs. (23) and (24). For example, from Eqs. (23), (24),
(17), (A1) and (A2), we obtain
h˜
(f)
rφ − h˜(g)rφ = e−iωr∗
[ c0
r
∂φYlm − c1
r
sin θ∂θYlm
]
, (26)
for the difference of the inverse-Fourier transformed
quantities h˜
(f)
rφ and h˜
(g)
rφ (and similarly for other compo-
nents). Therefore, it is clear that the difference h˜
(f)
rφ −h˜(g)rφ
represents an ingoing wave of frequency ω in the whole
space and the same property must hold independently
for h˜
(f)
rφ and h˜
(g)
rφ . Because rg∗ ∼ rf∗ → −∞ near the
corresponding horizon, the near-horizon boundary con-
dition in Eq. (25) is always satisfied with k− = ω. On
5 For clarity, in this Section the metric perturbations hµν are writ-
ten as functions of t. One can always do this by defining v = t+r∗
and, after substituting in Eq. (17), absorb the e−iωr∗ factor into
the inverse-Fourier transformed quantities h˜µν .
6 For gravitational perturbations of GR Schwarzschild black holes
k± = ±ω, whereas for the static bidiagonal black-hole solutions
of massive gravity k− = ω and k+ =
√
ω2 − µ2, consistently
with the propagation of a massive mode.
the other hand, the near-infinity boundary condition,
h
(g)
µν ∼ h(f)µν → eik+r, cannot be enforced7.
This simple observation implies that the boundary con-
ditions for QNMs impose c0 = c1 = c2 = 0 and, in turn,
δT µν = δT µν = 08. Therefore, the eigenvalue problem
reduces to the standard linearized Einstein’s equations
δGµν = 0 , δGµν = 0 , (27)
with the extra constraints coming from Eqs. (23) and
(24) with c0 = c1 = c2 = 0 , namely
H lm2(g) = H
lm
2(f) , η
lm
1(g) = η
lm
1(f) , (28)
hlm1(g) = h
lm
1(f) , K
lm
(g) = K
lm
(f) . (29)
To complete our proof, we can use the freedom to
choose a particular gauge. In this case it is convenient to
choose a gauge such that H lm2(g) = K
lm
(g) = η
lm
1(g) = h
lm
1(g) =
0. This can always be imposed by transforming [25]
h(g)µν → h(g)µν −∇µξν −∇νξµ , (30)
where ξµ is the transformation four-vector. The latter
can be decomposed into an axial vector component and
into three polar vector components, which can be chosen
to enforce the aforementioned relations hlm1(g) = 0 and
H lm2(g) = K
lm
(g) = η
lm
1(g) = 0, respectively. Since there is
only one diffeomorphism invariance and two metrics, the
components of the metric f are not fixed a priori by
the above gauge choice. However, Eqs. (28) and (29)
imply H lm2(f) = K
lm
(f) = η
lm
1(f) = h
lm
1(f) = 0. Therefore,
Eq. (27) reduces to two copies of the linearized Einstein
equations in the gauge H lm2 = K
lm = ηlm1 = h
lm
1 = 0.
Note that this gauge is different from the standard Regge-
Wheeler-Zerilli gauge, in which Glm2 = η
lm
0 = η
lm
1 =
hlm2 = 0 [25, 26]. Nonetheless, the perturbation equations
are precisely the same as in the case of GR.
Thus, we have just proved that the eigenvalue prob-
lem reduces to that of two Schwarzschild metrics with
horizon radii rg and rf in GR. In particular, there will
be no monopole and dipole modes, the QNMs exist only
for l ≥ 2, and they correspond to 2 propagating degrees
of freedom. As a by-product of this equivalence, the
QNM spectrum does not contain any unstable mode and
7 If we were using retarded Eddington-Finkelstein coordinates, the
opposite situation would occur: the solution would describe an
outgoing wave in the whole space, and the boundary conditions
would be automatically satisfied at infinity but not at the event
horizon. In both cases, the full set of boundary conditions (25)
cannot be enforced unless ci = 0.
8 In the special case A = 0, i.e., β2 = −Cβ3, one always gets
δTµν = δT
µ
ν = 0 and the perturbation equations reduce to the
standard linearized Einstein’s equations as noted in Ref. [22] (see
also [23] for the case with only one dynamical metric). This can
be also related to an extra symmetry for spherically symmetric
solutions in the case β2 = −Cβ3 [17, 24].
5the nonbidiagonal black-hole solution of massive grav-
ity is therefore mode stable for any gravitational per-
turbations (which can be decomposed into quasinormal
modes). Both properties (the absence of l = 0 and l = 1
modes and the modal stability) are in striking contrast
to the case of bidiagonal solutions [11, 13], as we also
discuss in the next section.
V. GENERIC GRAVITATIONAL
PERTURBATIONS
As shown in the previous section, the QNM spectrum
of the nonbidiagonal black hole in massive gravity co-
incides with that of a Schwarzschild black hole in GR.
This property is true for both the axial and polar sec-
tors, which respectively reduce to a Regge-Wheeler and
a Zerilli equation. Nonetheless, the full set of pertur-
bations (and therefore the object’s response to external
sources) is generically different, both in the axial and in
the polar sector. In this section we relax the boundary
conditions at infinity to include ingoing (at infinity) per-
turbations, unlike the previous section where those per-
turbations were forbidden by boundary conditions corre-
sponding to QNMs. Thus, our study will include more
general perturbations which are useful to study the lin-
ear response of the black hole to external perturbers. In
the following we will consider the axial and polar sectors,
and the cases l = 0, l = 1 and l ≥ 2, separately.
A. Polar sector
Here we discuss the perturbation equations for the po-
lar sector separately for l = 0, l = 1 and l ≥ 2.
1. Polar monopole
Radial (i.e., l = 0) perturbations were studied in
Ref. [14]. In this case the perturbation functions Glm,
ηlm0 and η
lm
1 are not defined because their correspond-
ing angular part in Eq. (A2) vanishes. For ω = 0, one
gets c0 = 0 and h
(f)
µν = h
(g)
µν and there is one solution
which corresponds to a trivial mass shift in both metrics
fµν and gµν . When ω 6= 0, we find the same solution
as in Ref. [14] when using the same gauge. For the sake
of completeness, we here show the explicit form of this
solution.
Unlike Ref. [14], however, let us choose a gauge such
that H1(g) = K(g) = H2(g) = 0. From Eqs. (23) and (24)
we then have H2(f) = 0 and K(f) = c2/r. Finally, the
field equations yield
H1(f) = ic5ω , (31)
H0(f) = −ic2ω −
c2rf
2r2
− 2iωc5
(
1− rf
r
)
+
Ac2m4v(rf − rg)
4m2fC
2iωr
, (32)
H0(g) =
Ac2m4v(rg − rf )
4m2giωr
, (33)
where c5 is an integration constant
9. There are two
free integration constants, c2 and c5, which are not fixed
by the assumption of asymptotic flatness. This can be
checked by calculating the curvature invariants. For ex-
ample, the Kretschmann scalar RabcdR
abcd of the l = 0
polar solution vanishes at large distances for any value
of the integration constants. Moreover, in this gauge c5
does not affect the gµν metric, and does not contribute
either to the curvature of both metrics or to the energy-
momentum tensors δTµν and δTµν .
In other words, if one takes the gµν metric to be the
physical one and couples it to matter, the constant c5
would be completely decoupled and would not affect any
observable physical quantity, at least to linear order (we
discuss possible nonlinear effects in Sec. VI).
On the contrary, the constant c2 is physical. This con-
stant cannot be gauged away from either of the metrics,
contributes to δTµν and δTµν , and is therefore associated
with observable quantities.
For any c2 6= 0, due to the term e−iωv appearing in
Eq. (17), the solution above describes an ingoing wave
which does not feel any effective potential and therefore
does not change its propagation in the entire space. This
property is reminiscent of Minkowski spacetime, in which
an ingoing wave is not backscattered due to the absence
of a gravitational potential10. This behavior is in con-
trast to the Schwarzschild case in GR, in which the ra-
dial mode is nondynamical. On the other hand, the radial
perturbations of the bidiagonal metric are described by
a Zerilli-like equation [11]
d2Ψ
dr2g∗
− 2iω dΨ
drg∗
− V0(r)Ψ = 0 , (34)
9 Note that the result in [14] is written in terms of hµν , while
here we work with hµν , hence the apparent difference of the
expressions.
10 The analogy with the Minkowski spacetime extends also to the
computation of QNMs previously discussed. Minkowski space-
time does not possess proper modes of vibration due to the ab-
sence of an effective potential. However, one could imagine to
add a test, perfectly-absorbing surface at some fixed location
r = r0, which would play the role of an event horizon. Similarly
to what previously discussed, in this case one can impose purely
absorbing boundary conditions at r = r0 but it would be impossi-
ble to impose simultaneously the correct boundary conditions at
infinity. Due to the absence of backscattering, Minkowski space-
time does not possess QNMs even in the presence of a perfectly
absorbing surface.
6where the effective potential V0(r) is given below Eq. (30)
in Ref. [11]. As discussed in Refs. [10, 11], not only in
this case is the perturbation dynamical, but it also leads
to an instability.
2. Polar dipole
When l = 1, the function Glm is not defined. Up to
gauge freedom we can set H2(g) = η1(g) = K(g) = 0.
By using the constraints (23) and (24), a straightforward
calculation then leads to the following solution
H0(f) = 2rc9 − iωc2
− (2c9 + ω (ωc2 + (2i− 4rω)c6 + 6irc9)) rf
2r2ω2
− iAm
4
v (ωc0 + (3rω − i)c2)
12C2r2ω2m2f
(rf − rg) , (35)
H0(g) =
ω(2rω − i)c7rg + c8
(
2r3ω2 − (1 + 3irω)rg
)
r2ω2
+
Am4v (c2 + iω (c0 + 3rc2))
12r2ω2m2g
(rf − rg) , (36)
H1(f) = c6 , (37)
H1(g) = c7 , (38)
η0(f) =
iωc0
2
+
c2
2
+ r (c6 + rc9) +
(iωc6 + c9) rf
rω2
+
Am4v (iωc0 + c2)
12C2rω2m2f
(rf − rg) , (39)
η0(g) = r (c7 + rc8) +
(iωc7 + c8) rg
rω2
−Am
4
v (iωc0 + c2)
12rω2m2g
(rf − rg) , (40)
where ci are integration constants. The perturbations
must be small in order to stay within the validity of the
perturbation theory, i.e. h
(g)
µν ≪ gµν , and similar for per-
turbations of the second metric. This requirement leads
to c6 = c7 = c8 = c9 = 0. The only free constants are
then c0 and c2. Both these constants induce physical (ob-
servable) changes in the metric perturbations, unlike the
monopole case, where only one constant is physical and
the other one is a gauge constant. Nevertheless, similarly
to the monopole case, this solution describes a purely in-
going wave which is not backscattered by the black hole.
Also in this case the GR solution describes a gauge
mode and is nondynamical, whereas the l = 1 polar sec-
tor of the bidiagonal solution describes two propagating
degrees of freedom governed by a pair of coupled equa-
tions (cf. Eqs.(44) and (45) in Ref. [11]). Contrary to
the nonbidiagonal case under consideration, the bidiag-
onal solution possesses l = 1 polar QNMs which depend
on the graviton mass [11].
3. Polar perturbations with l ≥ 2
The l ≥ 2 polar case is qualitatively similar to the l ≥ 2
axial case (considered below) although technically more
involved. Also in this case we can adopt a gauge such
that H lm2(g) = K
lm
(g) = η
lm
1(g) = 0 which, from Eqs. (23) and
(24), implies H lm2(f) = 0, K
lm
(f) = c2/r + l(l + 1)c0/(2r
2)
and ηlm1(f) = c0/r. After some algebra, the field equations
can be solved for H lm1(g), H
lm
1(f), G
lm
(g), G
lm
(f), dη
lm
0(g)/dr and
dηlm0(f)/dr, whereas the functionsH
lm
0(g) andH
lm
0(f) satisfy a
set of two decoupled, second-order differential equations,
namely
Dg[Φ˜g]−WgΦ˜g = sg , (41)
Df [Φ˜f ]−Wf Φ˜f = sf , (42)
where Φ˜g := r
2H lm0(g)/(r−rg) and Φ˜f := r2H lm0(f)/(r−rf )
and we defined the differential operators
Dg = d
2
dr2g∗
− 2iω d
drg∗
, Df = d
2
dr2f∗
− 2iω d
drf∗
. (43)
In the above equations, the potentials read
Wg =
l(l + 1) (r − rg)− 2irω (2r − 3rg) + rg
r3
, (44)
Wf =
l(l + 1) (r − rf )− 2irω (2r − 3rf ) + rf
r3
, (45)
whereas the source terms are
sg =
Am4vr [c0Λ + 2c2r] (rg − rf )− 4B1m2g
(
rg + 2ir
2ω
)
+ 4c4rm
2
g
[
rg (Λ + 4irω) + 2i (Λ− 2) r2ω
]
4r3m2g
, (46)
sf =
Am4v (c0Λ + 2c2r) (rf − rg)
4C2r2m2f
+
2r2ω (−2iB2 + 2ic3 (Λ− 2) r + c0Λω + 2c2rω)− rf (2B2 − 2c3r (Λ + 4irω) + ic0Λω + c2(2 + 6irω))
2r3
, (47)
where Λ := l(l + 1) and B1 and B2 are two further in-
tegration constants. Similar to the previous cases, the
validity of the perturbation theory requires c2 = c3 =
7c4 = 0, otherwise the functions G
lm
(g), G
lm
(f), η
lm
0(g) and
ηlm0(f) would grow linearly with r at large distances. Note
that Eqs. (41) and (42) are decoupled from each other
and, in the GR limit11, they reduce to two copies of the
same homogeneous differential equation. The latter is
not in the standard Zerilli form [27] but, quite interest-
ingly, is precisely the Bardeen-Press-Teukolsky equation
for gravitational perturbations of the Schwarzschild met-
ric in GR [28–30] (cf. Eq. (5.2) in Ref. [30] when the
black-hole spin is zero). It is easy to check that this
equation is isospectral to the Regge-Wheeler equation by
performing a Chandrasekhar transformation [31] (see Ap-
pendix B). We have also checked this property numeri-
cally by transforming the homogeneous equations into a
4-term recurrence relation and by computing the modes
through continued fractions [20, 32].
As for the l ≥ 2 axial case that we discuss below, the
source terms sg and sf in Eqs. (41) and (42) do not
alter the QNM spectrum, in agreement with the generic
argument presented in Sec. IV. The situation is therefore
rather different from that of the bidiagonal solution [11].
In the latter case, the l ≥ 2 polar perturbations reduce to
a set of three coupled ordinary-differential equations (cf.
Eqs. (38)–(40) in Ref. [11], which propagate three degrees
of freedom and correspond to a quasinormal spectrum
that depends on the graviton mass.
B. Axial sector
The axial sector does not contain a monopole (l = 0)
and one is left with the axial dipole mode (l = 1) and with
the higher multipoles l ≥ 2, which we treat separately.
1. Axial dipole mode
When l = 1, the angular functions Wlm and Xlm in
Eq. (A1) vanish (and therefore hlm2 is not defined), while
h1(f) = c1/r+h1(g) from Eq. (24). The (v, θ) component
of the field equations (16) yields
r2h′′0(g) = 2h0(g) − irω
(
rh′1(g) + 2h1(g)
)
, (48)
r2h′′0(f) = 2h0(f) − irω
(
rh′1(g) + 2h1(g) + c1/r
)
.(49)
The residual gauge freedom can be used to set one of the
axial functions to zero. If we impose h1(g) = 0, from the
constraints (23) and (24) we obtain h1(f) = c1/r and in
11 The source terms vanish when A = 0 and when the integration
constants ci and Bi are set to zero. In the GR case, this choice
can be done without loss of generality.
such case Eqs. (48) and (49) can be solved for
h0(g) = r
2c3 +
i(rg − rf )c1Am4v
12m2gωr
, (50)
h0(f) = r
2c4 +
i(rf − rg)c1Am4v
12m2fC
2ωr
+
ic1ω
2
. (51)
where c3 and c4 are two further integration constants.
The constants of integration c3 and c4 must be set to
zero, otherwise the perturbative approach breaks down
at large r. On the other hand, c1 6= 0 does not vio-
late our (relaxed) assumptions on the metrics: indeed
both metrics are asymptotically flat, as can be checked
by computing curvature invariants. In particular, the
Pontryagin density ∗RR := 12 ǫ
abefRabcdR
cd
ef ∼ c1/r7.
Note that fµν is asymptotically flat but not Minkowski
in this case, due to the last term in Eq. (51).
This solution is qualitatively similar to the l = 0 polar
case. As in the l = 0 polar case, the above solution
represents a purely ingoing wave which does not feel any
effective potential and, therefore, it is not backscattered
by the geometry.
Thus, the axial dipolar perturbation of the nonbidi-
agonal black-hole solution describes a dynamical (purely
ingoing) wave. As such, this solution cannot be an eigen-
function of the boundary-value problem, in agreement
with our previous analysis which showed that no dipolar
QNMs exist for this solution. Nonetheless, this behavior
is dramatically different from the case of GR – in which
the l = 1 mode is pure gauge and therefore nondynam-
ical – and also from the case of the bidiagonal solution.
In the latter case, the dipolar axial sector is described by
a single second-order Regge-Wheeler-like equation [11],
d2Ψ˜
dr2g∗
− 2iω dΨ˜
drg∗
−
(
1− rg
r
)(
µ2 +
6
r2
− 8rg
r3
)
Ψ˜ = 0 ,
(52)
where µ is the effective mass of the propagating mode
(which is proportional to the graviton mass in the the-
ory) and Ψ(v, r) ∼ e−iωvΨ˜(ω, r) is a master function. It
is easy to show that, in this case, the general solution
describes a superposition of outgoing and ingoing waves
both at the horizon and at infinity and that the eigen-
value problem admits a novel set of QNMs [11].
2. Axial perturbations with l ≥ 2
In this case, to simplify the equations, we define two
new radial functions given by
Q˜g = r
3
(
hlm0(g)
r2
)′
+ iωrhlm1(g) , (53)
Q˜f = r
3
(
hlm0(f)
r2
)′
+ iωrhlm1(f) . (54)
8From the (v, θ) component of the field equations (16),
we can then obtain two algebraic equations for hlm2(g) and
hlm2(f), which allow us to eliminate these functions from
the other equations. From the (r, θ) components, we get
two second-order differential equations for Q˜g and Q˜f ,
namely
Dg[Q˜g]− VgQ˜g = c1m
4
vA
2m2gr
2
(rg − rf )
(
1− rg
r
)
, (55)
Df [Q˜f ]− Vf Q˜f = c1m
4
vA
2m2fr
2C2
(rf − rg)
(
1− rf
r
)
,(56)
where the effective potentials read
Vg =
(
1− rg
r
) [ l(l + 1)
r2
− 3rg
r3
]
, (57)
Vf =
(
1− rf
r
) [ l(l+ 1)
r2
− 3rf
r3
]
. (58)
Note that the field equations allow us to compute only
the master functions Q˜g and Q˜f and not the metric per-
turbations h0(g), h1(g) and h0(f), h1(f) separately. This is
consistent with the existence of a residual gauge freedom.
For example, the function h1(g) in Eq. (53) can be set to
zero through a gauge choice. In such a case, h1(f) = c1/r
from Eq. (24).
Note that, when c1 = 0, Eqs. (55) and (56) reduce to a
pair of Regge-Wheeler equations [26], and are thus iden-
tical to the case of GR, consistent with our general argu-
ment in Sec. IV. On the other hand, the terms propor-
tional to c1 act as a source of the Regge-Wheeler equation
and cannot modify the proper frequencies of the system.
This is discussed in more detail in Sec. VC below.
Also in this case it is interesting to compare the per-
turbations of the nonbidiagonal solutions with those of
a Schwarzschild black hole in GR and with those of the
bidiagonal solution of massive gravity. In the former case,
the perturbation describes a single propagating degree of
freedom governed by Eq. (55) with c1 = 0. In the latter
case, the l ≥ 2 axial sector is described by two propa-
gating degrees of freedom, but they are governed by a
coupled system of equations (cf. Eqs. (32) and (33) in
Ref. [11]) which are also associated with a different set of
quasinormal frequencies. Finally, the perturbation equa-
tions in the bidiagonal case depend on the graviton mass,
similar to the l = 1 case previously discussed, whereas the
graviton mass in the nonbidiagonal case appears only in
the source terms, but not in the effective potentials (57)
and (58) (the same property holds true in the l ≥ 2 polar
case discussed above).
C. Time evolution
In this section we consider the time evolution gov-
erned by the perturbation equation (55) [or, equivalently,
Eq. (56)] in the time domain, in order to investigate the
role of the source term appearing on the right-hand side
of this equation. A similar analysis for the l ≥ 2 polar
sector is more technically involved but it is qualitatively
similar. (As shown in Appendix B, for the polar case the
only difference is in the source term. One can show that
although the sources are more complicated, their asymp-
totic behavior at the horizon and at infinity is similar to
the axial case, and thus the waveforms are qualitatively
similar.)
By introducing a new radial function Z˜g = e
−iωr∗gQ˜g,
Eq. (55) becomes
d2Z˜g
dr2g∗
+
(
ω2 − Vg
)
Z˜g =
(
1− rg
r
)
Sg , (59)
where
Sg = e
−iωrg∗c1 (rg − rf ) m
4
vA
2m2gr
2
. (60)
As previously discussed, the above source term appears
in the perturbed nonbidiagonal solution and it would van-
ish in the case of GR. To investigate the impact of such a
term on the waveform, we assume that the latter is pro-
duced by a driving force at t = 0, which for simplicity we
take to be a static Gaussian. In the frequency-domain
this amounts to adding a source to the right-hand side of
Eq. (59), namely
SGaussian = A0e
−(r∗g−r0)
2/2σ2 . (61)
Thus, the full time-evolution equation reads
d2Z˜g
dr2g∗
+
(
ω2 − Vg
)
Z˜g =
(
1− rg
r
)
S , (62)
where S := Sg + (1 − rg/r)−1SGaussian. To obtain the
waveform Zg(t, r)
12 we use an inverse-Fourier transform,
Zg(t, r) =
1√
2π
∫ +∞
−∞
e−iωtZ˜g(ω, r)dω , (63)
where Z˜g(ω, r) is computed using the Green’s function
technique outlined in Appendix C. In principle, c1 is an
arbitrary function of ω which depends on the initial con-
ditions of the perturbations h1. For simplicity, here we
consider the case where c1 is a constant, which is suffi-
cient for our argument. For this choice, in the time do-
main, the source (60) is proportional to the Dirac delta
function δ(v).
Let us first consider the case in which no external
source is present, i.e. we solve Eq. (62) with A0 = 0 [or,
equivalently, Eq. (59)]. In this case the waveform is pro-
portional to the combination C1 :=
c1m
4
vA
2m2g
(rg − rf ). The
12 Note that due to Eq. (17) and the definition Z˜g = e−iωr∗g Q˜g,
Zg(t, r) is a function of t := v − r∗g.
9waveform obtained with the Green’s function method is
shown in Fig. 113. A straightforward Fourier analysis of
the waveform shows that the ringdown signal [20] is gov-
erned precisely by the QNMs of a Schwarzschild black
hole in GR. This is natural since Eq. (59) is equivalent
to the standard Regge-Wheeler equation in GR but with
an external source term given by Sg. As in the case of
a forced harmonic oscillator, the source can modify the
waveform but not the proper modes of the system (for a
similar analysis in a different modified theory of gravity,
see Ref. [33]), which are still described by the QNMs of
the solution, i.e. by the same QNMs of a Schwarzschild
black hole in GR.
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FIG. 1. The waveform Zg(t, r) (in units of C1 :=
c1 (rg − rf )
m4vA
2m2g
) with l = 2 as a function of u := t − r∗g
(in units of rg). This is the solution of Eq. (59), i.e. in the
case where the external perturbation SGaussian is absent. It
is easy to check that the ringdown signal is governed by the
QNMs of a Schwarzschild black hole in GR.
As is clear from the above discussion, adding an ex-
ternal source term like Eq. (61) is simply equivalent to
solving the standard Regge-Wheeler equation in GR but
with an effective source term given by S in Eq. (62). The
waveform obtained by solving Eq. (62) for different val-
ues of C1 and for a representative external source term
is shown in Fig. 2. Also in this case a straightforward
frequency decomposition shows that, for any value of C1,
the ringdown waveform is governed by the QNMs of the
Schwarzschild solution in GR, although the black-hole re-
sponse to the external perturbation depends on C1. This
is in agreement with our proof given in Sec. IV.
D. Perturbations of slowly-rotating Kerr
Our results show that, unlike in the bidiagonal case,
gravitational perturbations of nonbidiagonal static black
13 We work in units where G = c = 1. In these units, the constant
C1 := c1
(
rg − rf
)
m4vA/(2m
2
g) is dimensionless.
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FIG. 2. Waveform Zg(t, r) for l = 2 as a function of u :=
t− r∗g and for different values of C1. This is a solution of the
full time-evolution equation (62) with an external Gaussian
source (61), with A0r
2
g = 0.4, r0 = 5rg and σ = 2.5rg . From
this waveform it is easy to check that, for any value of C1, the
ringdown signal is governed by the QNMs of a Schwarzschild
black hole in GR.
holes in massive gravity do not allow for (quasi)-bound
states. The latter are long-lived modes trapped in the
potential well that typically develops for massive pertur-
bations (cf. e.g. Refs. [11, 13, 34]). This is due to the fact
that: (i) the perturbations with l = 0, 1 do not feel any
effective potential and (ii) perturbations with l ≥ 2 prop-
agate exactly in the effective potential of a Schwarzschild
black hole in GR; in particular, such effective potential
does not depend on the graviton mass.
One of the consequences of bosonic quasi-bound states
in the spectrum is the existence of a superradiant insta-
bility [13] that affects the spinning bidiagonal black-hole
solutions in massive gravity [11]. Indeed, a stable long-
lived mode can turn unstable in the spinning case due to
Zeeman splitting of the quasinormal frequencies [13, 32].
A generalization of the nonbidiagonal solution (9) de-
scribing a rotating black hole was found in Ref. [35] (a
further generalization describing the Kerr-(anti-)de Sit-
ter black holes was presented in Ref. [36]). Due to the
absence of quasi-bound states in the static case, for this
family of solutions our results strongly suggest that no
superradiant instability exists, at least in the slowly-
rotating regime.
VI. CONCLUSION AND DISCUSSION
We derived the full set of linearized equations gov-
erning gravitational perturbations of the nonbidiagonal
Schwarzschild solution in massive (bi)gravity. We showed
that the quasinormal spectrum of these solutions coin-
cides with that of a Schwarzschild black hole in GR. This
result is quite surprising and has some interesting conse-
quences. In general, massive (bi)gravity propagates more
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degrees of freedom than GR (including massive modes),
so one might naively expect that black-hole solutions pos-
sess more modes of vibration and that the latter would
depend on the value of the graviton mass. This is indeed
the case for bidiagonal solutions [10, 11], but it is not the
case for the nonbidiagonal solutions discussed here.
Furthermore, the bidiagonal solution possesses an un-
stable radial mode, which is absent in the nonbidiagonal
case [14]14. Finally, massive bosonic perturbations gener-
ically allow for quasi-bound, long-lived modes in the spec-
trum of spherically-symmetric black holes. Such modes
can turn (superradiantly) unstable when the black hole
rotates above a certain threshold [13]. Remarkably, such
long-lived modes are absent in the static nonbidiagonal
solution. This suggests that, when spinning, this solu-
tion does not suffer from the superradiant instability. If
this conjecture is confirmed, the nonbidiagonal black-hole
solution of massive gravity would be the first case of a
spinning black-hole geometry which is mode-stable in a
theory that propagates a massive bosonic field.
It is also natural to conjecture that the QNMs of the
rotating black hole found in Ref. [35] are identical to
those of a Kerr black hole in GR, similar to the static
case discussed in this paper.
The absence of extra QNMs, compared to GR, natu-
rally raises the question about the number of propagating
degrees of freedom on top of nonbidiagonal black holes.
In particular, one may worry about the disappearance
of some degrees of freedom and, consequently, possible
strong coupling. Indeed, some modes are indeed absent,
as compared to, e.g. bidiagonal black holes. At the same
time, there appear modes, which do not feel any poten-
tial and therefore do not backscatter. The absence of
backscattering implies that these modes do not satisfy
the boundary conditions imposed for QNMs. Neverthe-
less these “free propagating” modes depend on the initial
conditions and their impact on the resulting metric can-
not be removed by a gauge transformation. We would
like to stress here that these perturbations contain free
functions, as “normal” propagating modes do, and initial
conditions are required to impose them. Indeed, each
integration constant, e.g. c0 and c2 in Sec. VA2 are
functions of ω and when converted to the time domain
they yield free functions. Note that, on the contrary,
in the special case β2 = −Cβ3 studied in Refs. [22, 23]
the “free propagating” modes are absent, so the solution
is certainly strongly coupled in this specific case. In the
general case, however, a separate study is required to find
explicitly whether all the modes are truly dynamical, and
hence to address the issue of possible strong coupling.
It would also be interesting to go beyond the linear
level, employed in this paper, and to consider nonlin-
ear effects. This question is connected to the possible
strong coupling issue. If some of the degrees of freedom
happen not to propagate on the background of nonbidi-
agonal black-hole solutions (due to their peculiarity) one
would naturally expect that at least some of them reap-
pear at the nonlinear level. If this is indeed the case,
then the nonbidiagonal solutions may be nonlinearly un-
stable. Nonlinear effects may change our discussion in
Section VA1, where we argued that one of the two in-
tegration constants is a pure gauge, since it can be re-
absorbed in the perturbations fµν and it does not give a
contribution to the mass energy-momentum tensor. This
constant might source physical perturbations of gµν at
the nonlinear level, thus activating a physical degree of
freedom. Nonlinear effects may also generate a potential
for those modes which propagate from infinity down to
the horizon without scattering.
We should also mention that our study did not address
the question of ghosts in the spectrum of perturbations
since it relies on the analysis of the field equations. This
issue may be addressed together with the question about
the number of propagating degrees of freedom mentioned
above, for example, by a Hamiltonian analysis.
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Appendix A: Tensor spherical harmonic
decomposition of spin-2 fields
In a spherically symmetric background spin-2 field per-
turbations can be decomposed in terms of axial and po-
lar quantities and expanded in a complete basis of tensor
spherical harmonics. For the expansion (17), the axial
and polar parts are given, respectively, by [26]
14 Due to the instability of the bidiagonal solutions along with the
existence of several other spherically symmetric solutions [9, 17,
37], the outcome of gravitational collapse in massive gravity is
still unclear (see also Ref. [38] for arguments showing that grav-
itational collapse of stars might not lead to black-hole formation
in these theories).
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haxial,lmµν (ω, r, θ, φ) =


0 0 hlm0 (ω, r) csc θ∂φYlm(θ, φ) −hlm0 (ω, r) sin θ∂θYlm(θ, φ)
∗ 0 hlm1 (ω, r) csc θ∂φYlm(θ, φ) −hlm1 (ω, r) sin θ∂θYlm(θ, φ)
∗ ∗ −hlm2 (ω, r)Xlm(θ,φ)sin θ hlm2 (ω, r) sin θWlm(θ, φ)∗ ∗ ∗ hlm2 (ω, r) sin θXlm(θ, φ)

 , (A1)
hpolar,lmµν (ω, r, θ, φ) =


H lm0 (ω, r)Ylm H
lm
1 (ω, r)Ylm η
lm
0 (ω, r)∂θYlm η
lm
0 (ω, r)∂φYlm
∗ H lm2 (ω, r)Ylm ηlm1 (ω, r)∂θYlm ηlm1 (ω, r)∂φYlm
∗ ∗ r
2
[
K lm(ω, r)Ylm
+Glm(ω, r)Wlm
] r2Glm(ω, r)Xlm
∗ ∗ ∗ r
2 sin2 θ
[
K lm(ω, r)Ylm
−Glm(ω, r)Wlm
]


, (A2)
where asterisks represent symmetric components, Ylm :=
Ylm(θ, φ) are the scalar spherical harmonics and
Xlm(θ, φ) = 2∂φ [∂θYlm − cot θYlm] , (A3)
Wlm(θ, φ) = ∂
2
θYlm − cot θ∂θYlm − csc2 θ∂2φYlm . (A4)
In the case of massive gravity, the decompositions (A1)
and (A2) are applied to h
(g)
µν and h
(f)
µν (in the latter case
with an arbitrary C2 factor in front) with different per-
turbation functions.
Appendix B: Bardeen-Press-Teukolsky equation and
Chandrasekhar transformation
One can easily prove that the l ≥ 2 polar QNMs are
isopectral to the l ≥ 2 axial QNMs by showing that they
are governed by the same equations. By defining the
radial functions Y˜g := e
−iωr∗gH lm0(g)/(r − rg)2 and Y˜f :=
e−iωr∗fH lm0(f)/(r − rf )2 we find, after some algebra, the
following equations:
Lg[Y˜g] = e−iωr∗gTg , (B1)
Lf [Y˜f ] = e−iωr∗fTf , (B2)
where we defined the differential operators
Lg =
(
r2 − rgr
) d2
dr2
+ 6
(
r − rg
2
) d
dr
+
r4ω2 − 4ir2ω (r − rg2 )
(r2 − rgr) + 8irω − l(l+ 1) + 6
Lf =
(
r2 − rfr
) d2
dr2
+ 6
(
r − rf
2
) d
dr
+
r4ω2 − 4ir2ω (r − rf2 )
(r2 − rf r) + 8irω − l(l+ 1) + 6 , (B3)
whereas the source terms are
Tg =
c0AΛm4v(rg − rf )
4m2gr(r − rg)2
+
c2Am4v(rg − rf )
2m2g(r − rg)2
+ c4
Λrg + 2irω ((Λ− 2) r + 2rg)
r(r − rg)2 −B1
rg + 2ir
2ω
r2(r − rg)2 , (B4)
Tf =
c0Λ
(
Am4vr(rf − rg) + 2C2m2fω
(
2r2ω − irf
))
4C2m2fr
2(r − rf )2 + c2
Am4vr2(rf − rg) + 2C2m2f
(
2r3ω2 − rf (1 + 3irω)
)
2C2m2fr
2(r − rf )2
+c3
Λrf + 2irω ((Λ− 2) r + 2rf )
r(r − rf )2 −B2
rf + 2ir
2ω
r2(r − rf )2 . (B5)
In the GR limit these two equations reduce to two copies
of the Bardeen-Press-Teukolsky equation (in the form
originally written by them) for gravitational perturba-
tions of the Schwarzschild metric in GR [28–30]. By per-
forming a Chandrasekhar transformation [31] of the form
(as given in Ref. [39]):
r2Y˜g = D2−g
(
rX˜g
)
, (B6)
r2Y˜f = D2−f
(
rX˜f
)
, (B7)
where D−g,f ≡ d/dr − irω/(r − rg,f ), one finds that the
functions X˜g,f satisfy the following Regge-Wheeler equa-
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tions:
d2X˜g
dr2g∗
+
(
ω2 − Vg
)
X˜g = S
P
g , (B8)
d2X˜f
dr2f∗
+
(
ω2 − Vf
)
X˜f = S
P
f , (B9)
with the effective potentials given in Eqs. (57) and (58),
whereas the source terms can be obtained by inserting the
transformations (B6) and (B7) in Eqs. (B1) and (B2), us-
ing (B8) and (B9) to eliminateXg,f and their derivatives,
and then solving for SPg,f , which can be found analyti-
cally. Since their analytical expression is rather lengthy
and their explicit form is not fundamental we do not show
it here. Similar to the axial case, to the leading order the
source terms decay as SPg,f ∼ 1/r2 when r → ∞ [cf.
Eq. (60)]. Comparing this with the axial case, Eq. (59),
one immediately sees that the only difference is in the
source term, and thus under the same boundary condi-
tions, the QNM spectrum of the polar and axial sector is
the same (and coincides with that of a GR Schwarzschild
black hole).
Appendix C: Green’s function
The Green’s function Glω of Eq. (62) is defined by
d2Glω
dr2g∗
+
(
ω2 − Vg
)
Glω = δ(rg∗ − r′g∗) . (C1)
To construct the Green’s function we choose two indepen-
dent solutions of the homogeneous equation associated
with Eq. (62), Z˜Hg and Z˜
∞
g , which satisfy the following
boundary conditions:{
Z˜∞g ∼ eiωrg∗ ,
Z˜Hg ∼ Aouteiωrg∗ +Aine−iωrg∗ ,
rg∗ → +∞ (C2)
{
Z˜∞g ∼ Bouteiωrg∗ +Bine−iωrg∗ ,
Z˜Hg ∼ e−iωrg∗ ,
rg∗ → −∞ , (C3)
where {A,B}in,out are constants. By imposing the
boundary conditions discussed in Sec. IV, the Green’s
function reads
Glω(r
′
g∗, rg∗) =
1
W
{
Z˜Hg (rg∗)Z˜
∞
g (r
′
g∗) , rg∗ < r
′
g∗ ,
Z˜∞g (rg∗)Z˜
H
g (r
′
g∗) , rg∗ > r
′
g∗ ,
(C4)
where W is the Wronskian of these two linearly indepen-
dent solutions, and it is constant by virtue of the field
equation (62). Evaluating W at infinity one gets,
W = Z˜Hg
dZ˜∞g
drg∗
− Z˜∞g
dZ˜Hg
drg∗
= 2iωAin . (C5)
The solution to Eq. (62) with appropriate boundary
conditions is then given by
Z˜g(rg∗) =
∫ +∞
−∞
dr′g∗ Glω(r
′
g∗, rg∗)S(r
′
g∗) . (C6)
Evaluating this expression at rg∗ → +∞ we find
Z˜g(rg∗ →∞) =
Z˜∞g (rg∗)
W
∫ +∞
−∞
dr′g∗ Z˜
H
g (r
′
g∗)S(r
′
g∗)
=
eiωrg∗
2iωAin
∫ +∞
rg
dr′ Z˜Hg (r
′)S(r′g∗)
(
1− rg
r′
)−1
. (C7)
This integral can be computed numerically by first in-
tegrating the homogeneous part of Eq. (62) with the
boundary condition (C3) to get Z˜Hg and then com-
pute Ain by equating the solution obtained numerically
to (C2). The waveform in the time-domain is then ob-
tained performing the integral (63). For more details on
the numerical procedure see, e.g., Ref. [40].
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